CHAPTER 6

Atom—field interaction —
quantum theory

In the preceding chapters concerning the interaction of a radiation field
with matter, we assumed the field to be classical. In many situations
this assumption is valid. There are, however, many instances where
a classical field fails to explain experimentally observed results and a
quantized description of the field is required. This is, for example, true
of spontaneous emission in an atomic system which was described
phenomenologically in Chapter 5. For a rigorous treatment of the
atomic level decay in free space, we need to consider the interaction
of the atom with the vacuum modes of the universe. Even in the
simplest system involving the interaction of a single-mode radiation
field with a single two-level atom, the predictions for the dynamics of
the atom are quite different in the semiclassical theory and the fully
quantum theory. In the absence of the decay process, the semiclassical
theory predicts Rabi oscillations for the atomic inversion whereas the
quantum theory predicts certain collapse and revival phenomena due
to the quantum aspects of the field. These interesting quantum field
theoretical predictions have been experimentally verified.

In this chapter we discuss the interaction of the quantized radiation
field with the two-level atomic system described by a Hamiltonian in
the dipole and the rotating-wave approximations. For a single-mode
field it reduces to a particularly simple form. This is a very interest-
ing Hamiltonian in quantum optics for several reasons. First, it can
be solved exactly for arbitrary coupling constants and exhibits some
true quantum dynamical effects such as collapse followed by periodic
revivals of the atomic inversion. Second, it provides the simplest il-
lustration of spontaneous emission and thus explains the effects of
various kinds of quantum statistics of the field in more complicated
systems such as a micromaser and a laser, which we shall study in
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later chapters. Third, and perhaps most importantly,” it has become
possible to realize it experimentally through the spectacular advances
in the development of high-Q microwave cavities.

The spontaneous decay of an atomic level is treated by considering
the interaction of the two-level atom with the modes of the universe in
the vacuum state. We examine the state of the field that is generated
in the process of emission of a quantum of energy equal to the energy
difference between the atomic levels. Such a state may be regarded as
a single-photon state.

6.1 Atom-field interaction Hamiltonian

The interaction of a radiation field E with a single-electron atom can be
described by the following Hamiltonian in the dipole approximation:

H =H4+ A fr—er-E. (6.1.1)

Here # 4 and #r are the energies of the atom and the radiation field,
respectively, in the absence of the interaction, and r is the position
vector of the electron. In the dipole approximation, the field is assumed
to be uniform over the whole atom.

The energy of the free field #F is given in terms of the creation
and destruction operators by

1
Hp = zk: hvy, (altak + 5) . (6.1.2)
We can express 4 and er in terms of the atom transition operators
ai; = |i){Jl- (6.1.3)

As before {|i)} represents a complete set of atomic energy eigenstates,
ie., >_.|i){i] = 1. It then follows from the eigenvalue equation J# 4|i) =
E;i) that

Ha= Eli)il=> Eoy. (6.1.4)
Also
er =Y eli)ilrl)(l =Y pio, (6.1.5)
iJ Lj

* Especially the micromaser of H, Walther and coworkers as discussed in Chapter 13. See also
the Physics Today article by Haroche and Kleppner [1989] which presents the physics of cavity
QED very nicely.
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where g;; = e(ilr|j) is the electric-dipole transition matrix element.
The electric field operator is evaluated in the dipole approximation at
the position of the point atom. It follows from Eq. (1.1.27) that, for
the atom at the origin, we have

E=) &&ax+ap), (6.1.6)
k

where &x = (hv; /2e9V)Y/2. Here, for simplicity, we have taken a linear
polarization basis and the polarization unit vectors to be real.

It now follows, on substituting for #r, # 4,er, and E from Egs.
(6.1.2), (6.1.4), (6.1.5), and (6.1.6) into Eq. (6.1.1), that

H = Zhvkalak + ZE;Gii + h Z ngfaij(ak + ai), (6.1.7)
k i ij k
where

N L&
gl = —@—;LE. (6.1.8)

In Eq. (6.1.7), we have omitted the zero-point energy from the first
term. For the sake of simplicity, we will assume g;; to be real through-
out this chapter.

We now proceed to the case of a two-level atom. For @, = @p,, we
write

g =g = g (6.1.9)
The following form of the Hamiltonian is obtained

H = Z hvialax + (EqGaq + Eposp)
k

+h ng(O'ab ~+ ops)(ax + al) (6.1.10)
k

The second term in Eq. (6.1.10) can be rewritten as

1 1
E 0, + Epopy = 5 hw(Gaq — opp) + E(Ea + Ep), (6.1.11)

where we use (E, — Ep) = hw and 6,4, + a5, = 1. The constant energy
term (E, + E;)/2 can be ignored. If we use the notation

0z = 0aqg — Obb = |a><a| - |b) (bl, (6.1.12)
0+ =aa = |a)(b|, (6.1.13)
o_ = ap, = |b){al, (6.1.14)

the Hamiltonian (6.1.10) takes the form
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1
H=> :hvkalak+§ha)az+h§ ' gu(04+0_)(ax+a}). (6.1.15)
k k

It follows from the identity
(61}, oki] = oudj — oxjou, (6.1.16)

that ¢,,0_, and o, satisfy the spin-1/2 algebra of the Pauli matrices,
ie.,

[O-—’ 0-+] = —0g, (6‘1‘17)
l[o_,0,]=20_. (6.1.18)

In the matrix notation, ¢_,6,, and ¢, are given by

00 01 1 0
a_=(10>, a+=<00>, oz—(0_1>. (6.1.19)

The o_ operator takes an atom in the upper state into the lower state
whereas ¢, takes an atom in the lower state into the upper state.

The interaction energy in Eq. (6.1.15) consists of four terms. The
term afo_ describes the process in which the atom is taken from the
upper state into the lower state and a photon of mode k is created.
The term axo, describes the opposite process. The energy is conserved
in both the processes. The term a,0_ describes the process in which
the atom makes a transition from the upper to the lower level and a
photon is annihilated, resulting in the loss of approximately 2fw in
energy. Similarly a};a+ results in the gain of 2fiw. Dropping the energy
nonconserving terms corresponds to the rotating-wave approximation.
The resulting simplified Hamiltonian is

1
H = Z hvkalak + ihwaz +h Z gx(orax + ala_). (6.1.20)
k k

This form of the Hamiltonian describing the interaction of a single
two-level atom with a multi-mode field is the starting point of many
calculations in the field of quantum optics.

6.2 Interaction of a single two-level atom with a
single-mode field

It follows from Eq. (6.1.20) that the interaction of a single-mode
quantized field of frequency v with a single two-level atom is described
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by the Hamiltonian

H = Ho+ H), (6.2.1)
where

Ho=hvala+ % hwa;, (6.2.2)

H1=hg(ora+alo) (6.2.3)

Here we have removed the subscript from the coupling constant g.
The Hamiltonian, given by Eqgs. (6.2.1)-(6.2.3), describes the atom~field
interaction in the dipole and rotating-wave approximations. As we
show below, this important Hamiltonian of quantum optics provides
us with an exactly solvable example of the field-matter interaction.

It is convenient to work in the interaction picture. The Hamiltonian,
in the interaction picture, is given by

V= X e KoM, (6.2.4)
Using

e*Be™4 = B + a[4,B] + ;—Z![A, [4,B]] +..., (6.2.5)
it can be readily seen that

ehvalat gemivalat — go=ivt, (6.2.6)

vt 2g 7100t/ = g ol (6.2.7)
Combining Eqgs. (6.2.1)(6.2.3), (6.2.4), (6.2.6), and (6.2.7), we have

¥ = hg(orae™ + ato_e ™), (6.2.8)

where A= —v.

In this section, we present three different but equivalent methods
to solve for the evolution of the atom-field system described by the
Hamiltonian (6.2.1)-(6.2.3) based on the solutions of the probability
amplitudes, the Heisenberg field and atomic operators, and the unitary
time-evolution operator.

6.2.1 Probability amplitude method

We first proceed to solve the equation of motion for |p), ie.,

.0

lh—glg = 7"|y). (6.2.9)
At any time ¢, the state vector |y(t)) is a linear combination of the
states |a,n) and |b,n). Here |a,n) is the state in which the atom is in
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the excited state |a) and the field has n photons. A similar description
exists for the state |b,n). As we are using the interaction picture, we
use the slowly varying probability amplitudes c¢,, and c;,. The state
vector is therefore

[(©) = [can(t)la, ) + coa(t)|b,n)]. (6.2.10)
The interaction energy (6.2.8) can only cause transitions between the
states |a,n) and |b,n + 1). We therefore consider the evolution of the
amplitudes c,, and ¢, 1. The equations of motion for the probability
amplitudes ¢,, and cp,,; are obtained by first substituting for |y(t))
and 7 from Egs. (6.2.10) and (6.2.8) in Eq. (6.2.9) and then projecting
the resulting equations onto {(a,n| and (b,n + 1|, respectively. We then
obtain

Can = —igy/n+1 eiA’cb,n+1, (6.2.11)
Conyl = —ig/n+ 1 e B, (6.2.12)

This coupled set of equations is very similar to that obtained in the
semiclassical treatment (cf. Eqs. (5.2.12) and (5.2.13)). These equations
can be solved exactly subject to certain initial conditions. A general
solution for the probability amplitudes is

Can(t) = {ca,,,(O) [cos (ant) — leé sin (antﬂ

_2igyn+1 in+1 Chnr1(0)sin (%) }emt/z, (6.2.13)

Cont1(t) = {cb,n+1(0) [cos (ant) + (i)A—,, sin (ant)]

_2igyn+1 ‘6"“ can(0)sin (%) }e—"Af/Z, (6.2.14)

n

where
Q2 = A% +4g%(n+ 1) (6.2.15)

If initially the atom is in the excited state |a) then c,,(0) = c4(0) and
chny1(0) = 0. Here ¢,(0) is the probability amplitude for the field alone.
We then obtain

_ Q) A L ()] a2
Can(t) = cn(0) lcos( 5 ) Q. sin (T)] ee, (6.2.16)

. an
et (1) = —cn(0) 28X T ‘é"“ sin ( Tt) b2, (6.2.17)
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Fig. 6.1

Behavior of p(n), as
given by Eq. (6.2.18),
for an initially
coherent state. The
value of the various
parameters are
A=0, (n) =25, and
gt=1.
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These equations give us a complete solution of the problem. All the
physically relevant quantities relating to the quantized field and the
atom can be obtained from them.

The expressions |c,,(f)]* and |cpq(f)]* represent the probabilities
that, at time ¢, the field has n photons present and the atom is in levels
la) and |b), respectively. The probability p(n) that there are n photons
in the field at time ¢ is therefore obtained by taking the trace over the
atomic states, 1.e.,

p(n) = |ca,n(t)|2 + |Cb,n(t)|2

Qut A2 Q1
— 2 n = a2 [ 250
= pu(0) [cos ( > )+ (Qn) sin ( > )
492 Q,_
+0n-1,n-1(0) ( gz n) sin’ ( lt) ) (6.2.18)
Qn—l 2

where pn,(0) = |cn(0))? is the probability that there are n photons
present in the field at time ¢t = 0. In Fig. 6.1, we plot p(n) for an initial
coherent state

_ (n)"e_ {n)
pun(0) = n'

Another important quantity is the inversion W (t) which is related
to the probability amplitudes c,,(t) and c;,(t) by the expression

W)= [lcan®)’ = leon(®)*] . (6.2.20)

n

(6.2.19)
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On substituting for c,,(t) and cp,(t) from Egs. (6.2.16) and (6.2.17)
and making some rearrangements, we obtain

0 2 2
W)= pul0) [%5 + %;ﬂ cos(sznr)] . (6.2.21)
n=0 n n

It is interesting to note that even for initial vacuum field (p,,(0) =
5"0)7

W= !

F g {A2 + 4g2 cos [(A2 + 4g2)1/2 t} } . (62.22)

ie., the Rabi oscillations take place. This result is drastically different
from the predictions of the semiclassical theory of Chapter 5. In
the semiclassical theory, the atom in the excited state cannot make a
transition to the lower level in the absence of a driving field. In the fully
quantum mechanical treatment, the transition from the upper level to
the lower level in the vacuum becomes possible due to spontaneous
emission. Equation (6.2.22) is the simplest example of spontaneous
emission in which the spontaneously emitted photon contributes to the
single mode of the field considered. A detailed analysis of spontaneous
emission by an atom in free space due to the presence of infinitely
many vacuum modes will be discussed in the next section.

In Fig. 6.2, W(t) is plotted as a function of the normalized time 1 =
gt for an initial coherent state. The behavior of W (t) is quite different

Fig. 6.2

Time evolution of the
population inversion
W (t) for an initially
coherent state with
(n) =25and A =0.
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from the corresponding curve (Fig. 5.2) in the semiclassical theory.
In the present case the envelope of the sinusoidal Rabi oscillations
‘collapses’ to zero. However as time increases we encounter a ‘revival
of the collapsed inversion. This behavior of collapse and revival of
inversion is repeated with increasing time, with the amplitude of
Rabi oscillations decreasing and the time duration in which revival
takes place increasing and ultimately overlapping with the earlier
revival.

The phenomena of collapse and revival can be physically under-
stood from Eq. (6.2.21). Each term in the summation represents
Rabi oscillations for a definite value of n. The photon distribu-
tion function p,,(0) determines the relative weight for each value
of n. At the initial time, t = 0, the atom is prepared in a defi-
nite state and therefore all the terms in the summation are corre-
lated. As time increases the Rabi oscillations associated with dif-
ferent excitations have different frequencies and therefore become
uncorrelated leading to a collapse of inversion. As time is further
increased, the correlation is restored and revival occurs. This behav-
1or continues and an infinite sequence of revivals is obtained. The
important thing is that revivals occur only because of the granular
structure of the photon distribution. Revival is thus a pure quan-
tum phenomenon. A continuous photon distribution (without zeros)
would give a collapse, as would a classical random field, but no
revivals.

Simple expressions for the times tg, t., and t, associated with the
sinusoidal Rabi oscillations, the collapse of these oscillations and their
revival, respectively, can be determined from Eq. (6.2.21) in the limit
(n) > 1. The time period tg of the Rabi oscillations is given by the
inverse of the Rabi frequency Q, at n = (n), ie.,

1 1

= ) 6.2.23
Oy (BT a2 () (62.25)

As mentioned earlier, these Rabi oscillations continue until a collapse
time t., when the oscillations associated with different values of n
become uncorrelated. Now, for the Poisson distribution (6.2.19) for
the initial coherent field, the root-mean-square deviation in the photon
number An is equal to /(n). An estimate of t. can therefore be
obtained from the condition

( 77~ P \/—) (6.2.24)
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Since (n) > \/(n) in the limit (n) > 1, Eq. (6.2.24) yields
1

T Lo+ S ~ - J
1
- [A2+4g2 ((n)+\/@)]1/2— [A2—|—4g2 ((n)— (n))]l/2
1/2
= (1 ; %n)) . (6225)

Under the conditions of exact resonance, A = 0, the collapse time ¢, is
equal to 1/2g and is independent of the mean number of photons (n).
For nonzero detuning, t. decreases with increasing (n). The interval
between revivals, t,, can be found from the condition

(Qy — Quuy_ 1)ty = 2nm (m=1,2,...), (6.2.26)

ie., the revivals take place when the phases of oscillation of the
neighboring terms in Eq. (6.2.21) differ by an integral multiple of 2.
Again, in the limit (n) > 1, we obtain

- 2nm
T Q) — Q-
2 1/2
z27rm\/(n> (1+ ? ) ’ (6.2.27)
g 4g*(n)

where m is an integer. This shows that revivals take place at regular
intervals.

6.2.2 Heisenberg operator method

So far we have considered the problem of the interaction of a single-
mode quantized field with a single two-level atom in the interaction
picture. In the following we give the solution of the same problem in
the Heisenberg picture. In particular we solve the operator equations
for the atomic and field operators a(t) and o4(t). These solutions may
be particularly useful in the calculation of the multi-time correlation
functions necessary in the study of the spectral properties of the field.

The Heisenberg equations for the operators a, o_, and o, are
obtained from the atom-field Hamiltonian (6.2.1)

1
a= ﬁ[a, H] =—iva—igo_, (6.2.28)
6 = —iwo_ +igo;a, (6.2.29)
o, =2ig(a'o_ — o a). (6.2.30)
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In order to facilitate a solution of these coupled operator equations
we define the following constants of motion:

N=da+o,0_, (6.2.31)
1
C= EAO'Z +g(ora+ala), (6.2.32)

i.e., N and C commute with the Hamiltonian [N, #] = [C, #] = 0.
Here N is an operator that represents the total excitation in the
atom—field system, and C is an exchange constant.

We first derive an equation of motion for the atomic lowering
operator o_. It follows from Eq. (6.2.29) that

6_ = —iwé_ +ig(6;a+ 0,a)

= —iwé_ —2g%(a'o_a— 0,a*) +vgo,a—glo_, (6.2.33)

where, in the second line, we substituted for ¢, and a from Eqgs. (6.2.30)
and (6.2.28), respectively. It is readily verified that

A
g’(d'lo_a—o,.a%) = —i (— + C) G_

2
1., 1
+ (vC — jA + EcoA a_, (6.2.34)
go,a = —ié_ + wo_. (6.2.35)

On substituting these expressions in Eq. (6.2.33), we obtain the desired
equation for o_:

§_ 4+ 2i(v — C)o— +(2vC —v* +g*o_ = 0. (6.2.36)
In a similar manner, we obtain
i+ 2i(v—Cla+ (2vC —v*+g?a=0. (6.2.37)

These equations can be solved in a straightforward manner and the
resulting expressions for a_(t) and a(t) are

a_(t) = [o4 ()]

sin Kt sin kt

a(0))

= ¢ MeiCt [ ( coskt + iC ) a_(0)—ig ,
(6.2.38)

a(t) = e Ve'ct { ( coskt —iC sin Kt) a(0) — ig sin Kta_(O)- ,
(6.2.39)

where k 1s a constant operator
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A2 1/2
K= [T +g%(N + 1)] , (6.2.40)

which commutes with C, ie., [C,k] = 0. In deriving Egs. (6.2.38) and
(6.2.39), we used

2_ A,
C = 7 t8 N, (6.2.41)
go.a=2Co_+ Ao_ —ga. (6.2.42)

Equations (6.2.38) and (6.2.39) provide a complete solution of the
problem involving interaction of a two-level atom with a single-mode
field in the Heisenberg picture. All quantities of interest can be ob-
tained from these solutions. For example, the expression for the inver-
sion W(t) (Eq. (6.2.21)) can be recovered from Eq. (6.2.38) via

W(t) = (a, alo;(t)la, ),
= 2{a,a|o(t)o_(t)|a,a) — 1. (6.2.43)
Here we have assumed that the atom is intially in the excited state |a)
and the field is intially in the coherent state |o).
As mentioned earlier, a particular advantage of working in the
Heisenberg picture is that the evaluation of multi-time correlation

functions is straightforward. As an example, we can use Eq. (6.2.38)
to construct the dipole—dipole correlation function (Problem 6.5)

(a,ala4 (t)o_(t + 7)|a,a)

e @]
— gl $° o
n!
=0
iA

YT [cos(Qn_lr/2) T30
X{(Qn + A)2 e—iQnT/2 + (Qn _ A)2 eiQ,,T/2
+8g%(n + 1) cos [Qu(t + 21)/2]}, (6.2.44)

X sin(Qp_17/2)

where Q, is given in Eq. (6.2.15).

6.2.3 Unitary time-evolution operator method

Another equivalent approach to deal with the problem of atom-field
interaction is through the unitary time-evolution operator. In many
problems where the evolution of the system is unitary, i.e., there is no
dissipation, this approach may prove to be the simplest.
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For the present problem of the interaction of a two-level atom with
a single-mode quantized radiation field, the unitary time-evolution
operation is given by

U(t) = exp(—i?'t/h), (6.2.45)

where the interaction picture Hamiltonian ¥, at exact resonance, is
given by (Eq. (6.2.8) with A = 0)

¥ =hg(ora+a'o). (6.2.46)
Here o, = |a)(b| and o_ = |b)(al. It follows, on using
(04a+ a'o_)* = (aa')|a)(al + (a'a)’|b) (b, (6.2.47)

(0ra+ a'e_ Y+ = (aa'Y ala) (b| + a'(aa’ )’ |b)(al, (6.2.48)
that
U(t) = cos(gtv/ata + 1)|a)(a| + cos(gt~/aa)|b)(b]

iy sln(gtm)a|a> (b] — iat sm(gt\/a-m) |b) (al.
\/'m \/a_’fm

(6.2.49)

The wave vector at time t in terms of the wave vector at time t = 0 is
simply given by

[w(1)) = U(t)|w(0)). (6.2.50)

As an example of the equivalence of this method with earlier
approaches we evaluate the probability amplitudes ¢, ,(t) and cp . 1(t)
for an atom initially in the excited state |a) and the field as a linear
combination of number states, i.e.,

(0)) = _ cn(0)la, n). (6.2.51)
n=0

On substituting for U(t) and |p(0)) from Egs. (6.2.49) and (6.2.51),
respectively, in Eq. (6.2.50), we obtain

W(©) = cn(0) |cos(gtyn+ D)la,n)
n=0

— isin(gt/n+ 1)b,n + 1)]. (6.2.52)

We thus have
can(t) = (a,n|y(t)) = ca(0) cos(gt/n+ 1), (6.2.53)
Comin(t) = —ica(0) sin(gt/n + 1), (6.2.54)

in full agreement with Egs. (6.2.16) and (6.2.17) for A = 0.
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6.3 Weisskopf—Wigner theory of spontaneous
emission between two atomic levels

In the previous section, we showed that an atom in the upper level
can make transitions back and forth to the lower state in time even
in the absence of an applied field. However, it is seen experimentally
that an atom in an excited state decays to the ground state with a
characteristic lifetime but it does not make back and forth transitions.
The atomic decay has been added into the atomic density matrix
equations (see Problem 5.2) phenomenologically. In our model of
spontaneous emission discussed in the previous section, the decay is
not included because we have considered only one mode of the field.
For a proper account of the atomic decay a continuum of modes,
corresponding to a quantization cavity which is infinite in extent,
needs to be included.

The interaction picture Hamiltonian, in the rotating-wave approxi-
mation, for this system is

¥ =hY  [gk(ro)orae ™ + Hel, (6.3.1)
k

where gk(rg) = gk exp(—ik-ry), i.e., we have included the spatial depen-
dence explicitly. Here, ryp is the location of the atom. The interaction
picture Hamiltonian is obtained following the same method as out-
lined in the beginning of Section 6.2. We assume that at time ¢t = 0 the
atom is in the excited state |a) and the field modes are in the vacuum
state |0). The state vector is therefore

[p(8)) = ca(t)]a,0) + > coxlb, 1), (6.32)
k

with
c(0) =1, cpx(0)=0. (6.3.3)

We want to determine the state of the atom and the state of the

radiation field at some later time when the atom begins to emit

photons and we do so in the Weisskopf—Wigner approximation.
From the Schrodinger equation

) i
() = == Tp(0), (634)
we get the equations of motion for the probability amplitudes ¢, and

Chk -
Eat) =—1 Y _ grro)e™ ™ cpu(t), (6.3.5)
k

Eox(t) = —igi(ro)e @™ e,(1), (6.3.6)
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In order to get an equation that involves ¢, only, we first integrate
Eq. (6.3.6),

t
cpx(t) = —igk(ro)/ dt' e O™ ¢ (1) (6.3.7)
0

On substituting this expression of cpx(t) into Eq. (6.3.5), we obtain
sl == 2 g / a0 (1), (6.33)

This is still an exact equation. We have replaced two linear differential
equations by one linear differential-integral equation. Next we make
some approximations.

Assuming that the modes of the field are closely spaced in frequency,
we can replace the summation over k by an integral:

1% 2n n 0
> o2 / do / d0 sin 0 / dk k2, (6.3.9)
" 2n)’ Jo 0 0
where V is the quantization volume. It follows from Eq. (6.1.8) that
gk(ro)* = —M Vsoab cos® 6, (6.3.10)

where 6 is the angle between the atomic dipole moment g, and the
electric field polarization vector éx. Equation (6.3.8) therefore becomes

. . 4<§O§b 1 i{o—v)(t—t)
Ca(t) = W/ deVk/ dt'e Ca(t ), (63 11)

where integrations over € and ¢ have been carried out and we have
used k = vx/c. In the emission spectrum, the intensity of light asso-

ciated with the emitted radiation is going to be centered about the
atomic transition frequency w. The quantity v; varies little around

= @ for which the time integral in Eq. (6.3.11) is not negligible. We
can therefore replace v} by »* and the lower limit in the v; integration

by —oo. The integral
e8]
/ dv @) = 25t — 1), (6.3.12)

yields the following equation for c,(t), in the Weisskopf—Wigner ap-
proximation:

Calt) = —gca(t), (6.3.13)

where the decay constant
3,2
1 4w’p;,

- e (6.3.14)
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A solution of Eq. (6.3.13) gives
Paa = |ca(t)® = exp(=T1), (6.3.15)

ie., an atom in the excited state |a) in vacuum decays exponentially
in time with the lifetime 7 = 1/T".

During the process of spontaneous emission, the atom emits a
quantum of energy equal to E, — E, = hiiv. We now calculate the state
of the field emitted during the spontaneous emission process.

We first calculate the coefficient cpx(t). Substituting the solution for
¢q(t) into Eq. (6.3.7) we find

t
cpx(t) = —igk(ro) / dt e~ i) =T7/2
0

(6.3.16)

1— e—i(w—vk)t—rt/2
= gk(ro)
Sk [(Vk—a))-i-ir/z],

so that

(1)) = e 7?|a,0)
H{o—v)t—TI't/2

—ik-rgy l1—e
+|b>§k:gke [(vk—a))+il“/2]|1k>' (6.3.17)

Upon introducing the field state
e—ik'l'()
= 1 3.1
70) zk:gk(vk s iF/2| k) (6.3.18)

for times long compared to the radiative decay t > I'"! we have |p) —
|b)|y0). Here the index ‘0’ in |yo) reminds us that this state corresponds
to an atom located at position ry. This is a linear superposition of the
single-photon states with different wave vectors associated with them.

The first-order correlation function GV(r,r;t,t) for large times is
given by

GV, r;t,1) = (P EC (6, )ED (x, 1))
= (30| ET(r, ) EP(x, 1) 70)
= (olEC)(x, 1)|0) (Ol ET(x, )| o) (6.3.19)

Here a complete set of states is inserted and since only the vacuum
state survives while the other states lead to zero, we keep the vacuum
state only. We have also assumed, that the field is linearly polar-
ized, say along the x-axis. As discussed in Section 4.2, GV (r,r;t,1) is
proportional to the probability of registering a photon at time t by
a photodetector located at the position r. According to Eq. (6.3.19),
GV(r,r;t,t) = [{(0|EM)(r, t)|y0)|?. Thus the function

¥, (r, £) = (O[E™(r, 1) o) (6.3.20)
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can be interpreted as a kind of wave function for a photon. This is
in analogy with the corresponding wave function for particles (see
Section 1.5).

From the definitions of E(r,t) and |y0) (Egs. (1.1.30) and (6.3.18)),

we find

(OIE®(x, )] yo) =

——ik'l'o
0 , 1/2 , —iv t+ik’r € 1
VeV VZ () awe g(vk w)+i1‘/2|k>
1

kK’

h 12, —ivt k(1)
_ ./ ivet ik (1 (6321
2e0V ‘lL;(V") Bke ¢ i—o)tir2 @34

We now evaluate this function by first converting the sum into an
integral via Eq. (6.3.9). We however do not include the factor 2 from
there as the field 1s assumed to be polarized along the x-axis. The ¢-
and f-integrations can be carried out by choosing a coordinate system
in which the vector r — ry points along the z-axis, the atomic dipole
moment forms an angle  with the z-axis in the x-z plane, and the
wave vector k has components

k =k(sinfcos ¢ X +sinfsin¢ y + cos 6 2). (6.3.22)
The resulting expression for (O|EM(r, £)|y) is™

icgpqp siny
8n2egAr
> dlck? (8 _ g—ikar €
X/O K =) a2
(6.3.23)

(OIE™®(x, t)ly0) =

—ivgt

where Ar = |[r —rp|. In the above integral the term exp[—i(kAr + wit)]
represents an incoming wave and we will therefore neglect it. As in
the Weisskopf-Wigner theory of spontaneous emission, we assume
that the quantity v? varies little around v, = » and therefore can be
replaced by @? and the lower limit of integration can be extended to
—oo. Making these approximations we are left with the integral

0 e—ivkt+ivar/c
/ dvk : .
o (k= w)+il/2

This integral is evaluated by using the contour method (see Fig. 6.3).
For t < Ar/c, the contour lies in the upper half plane and if t > Ar/c,
in the lower half-plane. On performing the integration, we find that

* Equation (6.3.23) can be derived in a more complete and rigorous way using the method in
Appendix 10.A.
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» Rek

& Ar —i( t— 8 Yr—i
(O|E™)(x, t)|yo) = A—‘r’@) (t = 7) e (= )=/ (6324)
where @ is a unit step function and
2 .
£y = L Par SN (6.3.25)

dregciAr

We then find that

&ol? —
GO(r,r;t,1) = lr‘—0l|'0|2® (t — 'r—crﬂ> e Tl=Ir=rol/c)  (6.3.26)

Here the step function is a manifestation of the fact that the signal
cannot move faster than the speed of light.

6.4 Two-photon cascades

In this section we consider the spontaneous emission in a three-level
atom in cascade configuration, as shown in Fig. 6.4. The atom in
upper state |a) emits a k photon of frequency v, and decays to state

Fig. 6.3

Contours used for
evaluating the
integral in

Eq. (6.3.23): C; if
t <Ar/c and G, if
t > Ar/c.
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Fig. 6.4

Level scheme for
atomic decay due to
spontaneous emission
in a three-level atom
in cascade
configuration.

|a)

b)

c)

|b) which decays to ground state |c¢), via emission of a q photon of
frequency v,4. The interaction picture Hamiltonian for the system is

¥ =k |giulro)o ake @ 4 e
k

+h Z [g;’q(ro)af)aqe"(w”“*"q” + H.c.] , (6.4.1)

q
where o\ = [a)(b], 0¥ = |b)(c|, and g,k(ro) and gy4(ro) are the
appropriate coupling constants for |a) — |b) and |b) — |c) transitions,

respectively.
The state of the atom—field system is now described by

(1)) = ca(1)]a@,0) + > coulbs k) + D Cekales 1k 1g).  (6.4.2)
k k,q

As in Section 6.3, the probability amplitudes c,, cpx, and c.kq Obey
the equations of motion

ta=—1y_ gax(ro)cowe @™, (64.3)
k

ok = —igax(Fo)cae P =1} g} (o)cauge! T, (64.4)
q

Cekq = —ighq(Fo)Cpie @0, (6.4.5)

Following the lead of Section 6.3, we recognize that, in the Weisskopf—
Wigner approximation,

. . r
—1 ) gamo)onxe @ = — e, (6.4.6)
k
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where T, is the atomic decay rate from state |a) to state |b). Further-
more, it is clear that the second term in Eq. (6.4.4) represents decay
from |b) to |c) and we may write

I'y

—izq: gZ,q(TO)Cc,k,qei(w"”_v“)t = —701;,1{, (6.4.7)

where I, is the decay rate from state |b) to state |¢). Upon inserting
Egs. (6.4.6) and (6.4.7) into (6.4.3)—(6.4.5), we obtain the useful final
form for the atom-field equations of motion

Cq = _Tcaa (6.4.8)

; p r
éb,k = —iga’k(ro)e—l(wab_vk)f—%—l' _ 7bcb’k, (64.9)
Cekq = —igbq(Fo)coxe ), (6.4.10)

where we have substituted exp(—I',t/2) for ¢,(t) in the first term of
Eq. (6.4.9).

We are most interested in the state of the field for times ¢ > ;!
and T}, ie., we want to know ccxq(c0) as ¢,(c0) and cpx(c0) tend to
zZero.

It follows, on carrying out the simple integration implied by Eq.
(6.4.9), that

t
cok(t) = —igax(ro) / dt e~ {@a— ) —Lat' /2 =Tp(t=t)/2
0
ei—wa)t—Tat/2 __ ,—Tst/2
i(vk - (Uab) - %(ra — Fb)

This expression for cpk(t) can now be substituted into Eq. (6.4.10), and
the resulting equation can be integrated to yield the following long
time limit of ¢k q(?):

1
i(v — wap) — 3(Ta — Tp)
1 1

(Vi + Vg — Wgc) — %Fa i(vg — Wpe) — %Fb

—i(k+q)To

Cek,q(90) = 8akghq®

ikt Vg —Dae)— T [i(vg — ) — 1T

(6.4.12)

As in the long time limit, both c,(t) and cpk(t) are zero, we insert
Cckq(o0), as given by Eq. (6.4.12), into Eq. (6.4.2) and find that the
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state of the radiation field is given by

— —i(k+q)-1
8ak8b,q€
Iya d)) = E X ! |1k51 )5
kq [l(vk+vq —Wqe)— %Fa] [l(vq —Whe)— %rb] !

(6.4.13)

where |y, ¢) represents the two-photon state.

We shall make detailed use of this result in Chapter 21 when we
utilize two-photon correlation functions in order to gain insight into
the foundations of quantum mechanics.

6.5 Excitation probabilities for single and double
photoexcitation events

In Section 4.2 we presented heuristic arguments to show that the
photodetection probability is governed by the normally ordered field
correlation functions. Here we derive the excitation probability for
single and double photoelectron events using the atom—field interaction
formalism developed in this chapter.”

Consider the interaction of linearly polarized light, described by the
field operators E()(r, t) and EC(r, t), with an atomic system consisting
of a lower level |b) and a set of excited levels |a;) (Fig. 6.5). We assume
that the atom is initially in state |b) and the field is in state |i). The
interaction picture Hamiltonian, in the rotating-wave approximation,
is

V' == 9apoapEN(r, 1) explio,t) + He, (6.5.1)
j
The state of the atom—field system at time ¢ is given by

lp(1)) = Ur(t)|y(0))
i ‘ / / .
~ [1— . /0 ' v (t )] 1b) @ |i). (6.5.2)

The probability of exciting the atom to level |a;) is found by
calculating the expectation value of the projection operator |a;){q;/, i€,

Pi(t) = (w(t)laj){a;lw(t))
2 otopt
= so,:z"b / dt\dt; expliog (t1— )] GLET (5, ) E (x, 11) i),
0J0

(6.5.3)

where we substitute for |yp(t)) from Eq. (6.5.2). If we want only the
probability of excitation, we should sum over all excited levels |a;).

* For an excellent treatment see the Les Houches lectures of Glauber [1965].
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|b)

If goﬁjb is largely independent of j, we can take goﬁjb ~ o?. Hence,
for a broad-band detector the summation over j of the function
explimg(t; — t2)] introduces an effective o(t; — tp) function and we
obtain

P(1)=)_P;t)
J

t
= [ anGE @ mED 0, (65.4)
0
where x is a constant. For mixed states, Eq. (6.5.4) becomes
t
P(t) = rc/ d; Tr [pE(‘)(r,tl)E(”(r, t)] . (6.5.5)
0

Next, we consider atoms at the points r; and r; and find the joint-
count probability Pj, of double photoexcitation, ie., we want the
expectation value of the photoexcitation operator

> laj) e
J

for both atoms, i.e, « = 1 and 2. Similarly to Eq. (6.5.5), we obtain

t t
P, = K’/ dt1 / dt2
0 0

XTr [pE ) (r1, 1) ET) (2, t2) E (12, £2) EP (11, 11)]
(6.5.6)

Thus Py, is governed by the second-order correlation function of the
field operators.

o

Fig. 6.5

Level scheme for
photodetection. The
atom makes a
transition from state
[b) to the manifold of
excited states [a;).
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Fig. 6.6

Radiative decay of
two closely lying
levels [a) and [@') to
a common level |b).

a)

12

Problems

6.1

6.2

6.3

A model sometimes considered to study the atom-field
coupling in a lossless cavity is represented by the Hamiltonian

H =hva'a+hoo, + hg [mra(aTa)l/2 + (a‘ta)l/2a*a_] ,

in the usual notation. Note that the coupling is intensity
dependent. Calculate the atomic inversion and discuss its
evolution in terms of the various time scales, .., Rabi flopping
time, the collapse time, and the revival time, for (a) an initial
coherent state of the field and (b) an initial thermal state of
the field. Note that the infinite series in the expression for
inversion can be summed exactly in this case.

Calculate the population inversion for a two-level atom in-
teracting with a single-mode quantized radiation field in the
dipole and rotating-wave approximations for arbitrary time ¢
when, at t = 0, the field is in a coherent state |«), and the
atomic state is |)aom = (@) + e7¢|b))/+/2 (Ja) and |b) are
the upper and lower levels, respectively). Discuss the condi-
tions under which the populations in the two levels remain
‘trapped’.

Consider the atomic system shown in Fig. 6.6 with two closely
spaced upper levels |a) and |a’) and a lower level |b). The
selection rules and the energy spacing of levels |a) and |d’)
is such that they interact with the same vacuum modes. The
interaction of this system with a multi-mode vacuum field is
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described by the interaction picture Hamiltonian,
¥ = hZ[ () g |) (ale™ a0
+g(a b) ak|b> <alle—i(walb—vk)t:|
+ H.c.
Here a] is the creation operator for the mode with wave
vector k, and wg = 0w, — wp, Wgp = Wy — wp. Derive the
amplitude equations of motion for the three levels and show
that quantum interference effects arise due to the sharing of
common vacuum modes by the upper two levels.
Hint: see Zhu, Narducci, and Scully, Phys. Rev. A 52, 6
(1995).
6.4 IfC = %Aaz +g(0ra+a'e_) and N = a'a+ o 0_, show that
A2
C*=—+g°N.
4
6.5 Prove Eq. (6.2.44).
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